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We obtain the localized gravity on the intersection of two orthogonal non-solitonic or solitonic 
4-branes in D — 6 in the presence of the Gauss-Bonnet term. The tension of the intersection is 
allowed to exist unlike the case without the Gauss-Bonnet term. We show that gravity could be 
confined to the solitonic 4-branes for a particular choice of the Gauss-Bonnet coupling. If the extra 
dimensions are compactified with the T 2 /(Z2 x Z2) orbifold symmetry, the mass hierarchy between 
the Planck scale and the weak scale can be explained by putting our universe at the TeV intersection 
of positive tension located at the orbifold fixed point. 
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I. INTRODUCTION 



The recent proposals for the fundamental TeV scale 
physics Jl],|| have been a great surprise in high energy 
physics, which has not been noted for a long period of 
superstring research. Of particular interest is the first 
Randall-Sundrum(RSI) model Q in which the warp fac- 
tor geometry in the extra direction in the 5 dimensional 
spacetime(5D) introduces a large exponential suppres- 
sion factor, enabling one to introduce a TeV scale from 
the Planck scale with an 0(10) ratio of the input parame- 
ters, through the compactification of the extra dimension 
y on S\fZi. There are two branes in the RSI model: the 
brane 1 (Bl) located at y = and brane 2 (B2) located 
at y = y 2 - 

Probably a more interesting proposal is the second 
Randall-Sundrum(RSII) model ||] in which only one 
brane (Bl) located at y = is introduced. Thus, the fifth 
dimension is not compactified, but still this model can de- 
scribe a meaningful effective 4 dimensional(4D) physics 
since the gravity is localized around Bl. It is an alterna- 
tive to compactification idea of the extra dimension(s). 
Both Randall-Sundrum models need AdS spacetime in 
the bulk. 

Subsequently, extensions of the RS type models were 
proposed toward the hierarchy solution for the 

study of localization of gravity |p|,^0|-^3|j7|] , and for other 
aspects |l4|-|l~6|] . In particular, the RSII model have been 
studied toward finding a self-tuning solution of the cos- 
mological constant problem. It is because, from the be- 
ginning of these proposals, the solution of the cosmo- 
logical constant was sought for in the RS models since 
the Einstein equations can choose a flat space even with 
a negative nonvanishing bulk cosmological constant and 
nonvanishing brane tension(s). But in the first proposals, 
the nonvanishing parameters should be fine tuned for the 
universe to be flat in the model H||. It has been sug- 
gested that introduction of a bulk real scalar field with a 



coupling to the brane may give a self-tuning of the cos- 
mological constant but it retains the serious fine tuning 
problem due to a naked singularity jL7|. There exists 
an example for the selftuning solution with an unconven- 
tional interaction of a bulk antisymmetric tensor field |l§| l 
which may shed more light toward a final solution of the 
cosmological constant problem. We note that the final 
solution must allow inflation which seems to be needed 
for the explanation of homegeneity and isotropy of the 
observed universe [jOl. 

In the intersecting brane world scenarios in higher 
than five dimensions |^,|| , our universe is regarded as a 3- 
brane with higher codimensions given by the common in- 
tersection of higher dimensional objects with lower codi- 
mensions. However, when we consider discrete sources 
of higher dimensional objects in the bulk space, no ad- 
ditional contribution is allowed from the brane-brane in- 
teraction to the tension of their intersection correspond- 
ing to the 3-brane tension, since the Einstein tensor just 
gives rise to one-dimensional delta function from the in- 
tersecting branes. This behavior is well understood in 
the smooth limit of intersecting branes. For instance, for 
n orthogonal (n + 2)-branes in D = 4 + n, each (n + 2)- 
brane has the tension T n+ 2 = M n+i L while the tension of 
their intersection is T3 = M n+4 L n by dimensional analy- 
sis. (M is the (4 + n)-dimensional fundamental scale and 
L is the brane thinkness.) Therefore, the 3-brane tension 
shows up with higher power of L, so it gets suppressed in 
the thin brane limit, which means that higher curvature 
terms should be taken into account for better resolution 
to see such a thin 3-brane. Without nonzero 3-brane ten- 
sion, it is difficult to discuss on the generation of vacuum 
energy after phase transition on the intersection as our 
world. Because the corresponding nonzero tension of the 
intersection is not allowed, the vacuum energy induced 
by phase transition has no way but at most to leak away 
along the intersecting branes, whose tensions are allowed 
to be nonzero. In this context, it is necessary that the 
nonzero brane-brane interaction or the nonzero tension 
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of the intersection should appear in a natural way. 

In this paper we consider the RS type solution for 
the case of two orthogonally intersecting non-solitonic 4- 
branesQ and one 3-brane (or string) on their intersection 
in D=6 when the Gauss-Bonnet term is added in the bulk 
action. In that case, we can regard our world as a com- 
mon intersection of two 4-branes where the localization 
of gravity arises. In the existence of the Gauss-Bonnet 
term, in particular, a string tension should be introduced 
at the beginning to match an additional boundary con- 
dition on the intersection. So, our solution with two 4- 
branes and one string is based on two fine-tuning condi- 
tions between input parameters but there is a possibility 
for naturally regarding the vacuum energy in our world 
as the string tension in the intersecting brane world sce- 
nario, which has not been possible to get without the 
Gauss-Bonnet term. Thus, it seems that the higher cur- 
vature terms know about the inner structure of the inter- 
secting branes whilest the Einstein-Hilbert term has the 
lower resolution. 

For a special relation between the bulk cosmolog- 
ical constant and the Gauss-Bonnet coupling in our 
model, it is shown that there exists a string solution 
with codimcnsion-2 by considering the Z2 x Z2 symmetry 
of the extra dimensions as usually imposed in the case 
of the two orthogonal 4-branes. In that case, the bulk 
space is found to be a discrete patch of the pure AdSe 
space to make the bulk symmetry manifest and the resul- 
tant discontinuities of the derivative of the metric across 
the symmetry axes are shown to be automatically can- 
celled between those derived from the Einstein-Hilbert 
term and the Gauss-Bonnet term in the equations of mo- 
tion without the need of introducing 4-branes along the 
symmetry axes. In other words, it is shown that the 
Einstein-Gauss-Bonnet gravity itself is able to support 
singularities produced on orbifolding without the need 
of introducing additional non-solitonic singular sources. 
From the point of view of the Einstein's gravity, how- 
ever, the singularities are interpreted as the so called 
solitonic 4-branes [p|, of which tensions are determined 
by the Gauss-Bonnet coupling and the 3-brane tension. 
Nonetheless, since the solitonic 4-branes are supported 
by gravity only without sources in D = 6, they don't 
give any fine-tuning conditions. Therefore, on patching 
the AoISq bulk in the Z2 X Z2 invariant way, there ex- 
ists a solution of a string residing on the intersection 
of two solitonic 4-branes, which is based on one fine- 
tuning condition between bulk parameters but for which 
the 3-brane cosmological constant Ai can take any posi- 
tive value without being involved in any fine-tuning. In 



particular, it is interesting to see that there arises the 
confinement of gravity to the solitonic 4-branes, which 
results in exactly two copies of the 5D RSII model in 
D = 6. 

For the string solution with codimension 2 in D = 6, 
it has been shown that the singular global string solution 
is possible with a massless scalar field in the flat bulk by 
the unitarity boundary condition at the singularity [|J. 
Later, it was pointed out that there exist regular global 
string solutions by introducing a bulk cosmological con- 
stant |ll],[l2|,(7) . One more interesting observation is that 
the local string defects were shown to have the localized 
gravity with no fine-tuning of the bulk cosmological con- 
stant, but here the components of the string tension are 
required to satisfy a certain relation [ p"3"| , which is a fine 
tuning. Pertinent to our study of this paper, we note the 
work of Corradini and Kakushadzc in which it has been 
argued that it is possible to have the localized gravity 
on a solitonic 3-brane with the Gauss-Bonnet term while 
freely choosing the brane cosmological constant equiva- 
lent to a deficit angle in the extra polar coordinate in 
the 5th and the 6th space [^0|. (Note that a similar re- 
sult was known in the case with 3-brane sources in the 
6D Einstein gravity without a bulk cosmological constant 
pl[ and with a positive bulk cosmological constant p2|.) 
This solution has one fine-tuning condition between bulk 
parameters and there exists a conical singularity corre- 
sponding to the brane tension [ po| . 

Based on our string solution in the intersecting brane 
scenario, we can compactify the extra dimensions with 
the T 2 l{Z% x Z2) orbifold symmetry. Then, we can show 
that the hierarchy problem can be solved if we put the 
branes at the four fixed points of the orbifold T 2 / (Z2 x 
Z2) and the neighboring two 3-branes are connected to 
each other by one 4-brane. In this case, the positive 
tension brane diagonally far away from the origin of the 
extra dimension is regarded as our universe and some 
other three 3-branes as the hidden branes. 

In Sec. II, we obtain a 3-brane (or string) solution in 
the EGB theory. It is the most relevant generalization 
of the RSII model. There appears solitonic 4-brane so- 
lutions. In Sec. Ill, we consider the metric perturbation 
near the background geometry and ensure that there is 
no tachyonic mode of graviton. Then, in Sec. IV, we 
make discussions on the gravity confinement to the soli- 
tonic 4-branes. In Sec. V, we compactify 6D with the 
T 2 /(Z2 x Z2) orbifold symmetry and obtain four fixed 
points where 3-brane sources can be placed. It is the 
most relevant generalization of the RSI model in which a 
TeV 3-brane can occur naturally. Sec. VI is a conclusion. 



*Here, solitonic means being supported by gravity only while 
non-solitonic does by sources. 
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II. LOCALIZED GRAVITY ON A 3-BRANE IN 6D 



If we impose the Zi symmetry on each extra dimen- 
sion in D = n + 4 dimensional generalization of the RS 
model, we should have [n + 2)-branes orthogonally inter- 
secting to each other to match the boundary conditions 
of the metric H§|. Therefore, the 3-brane as our universe 
only appears as the common intersection of all the (n+2)- 
branes || , but without its tension. However, in the pres- 
ence of the Gauss-Bonnet term, from which no higher 
than second derivatives are derived in the equations of 
motion, the intersection of two orthogonal 4-branes in 
D = 6 is required to have a nonzero tension, which will 
be shown below. 
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A 1 S(z 1 )8(z 2 )8^ N g^r ' Z2=0 K (5) 



where the indices M,N — (0,1,2,3,5,6), p,q — 
(0, 1, 2, 3, 6), a, b = (0, 1, 2, 3, 5) and (j,,v= (0, 1, 2, 3). 

Taking the metric ansatz as a conformally flat one in 
6D, which is manifestly 4D Poincare invariant, 



ds\ = A 2 (z\ 1 Z2){rj^ v dx ,l dx v + dz\ + dz 2 ), 



(6) 



When the Gauss-Bonnet term is added as the next 
leading-order ghost-free interaction to the Einstein- 
Hilbert term in 6 dimension (6D) with two spacelike 
extra dimensions, we start with the Einstein-Gauss- 
Bonnct(EGB) 6D action with singular brane sources, 
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where g, g^ Zl=0 \ g^ 2 ^ and g( z i=°> z 2=o) are ^ ne determi- 
nants of the metrics in the bulk, orthogonally intersecting 
4-branes and a 3-brane, M is the six dimensional gravi- 
tational constant, A Zl , A Z2 , and Ai are the bulk and 
the brane cosmological constants, a is the effective cou- 
pling. We considered the 4-branes to write down general 
equations of motion, but we will see later that there is 
a possibility of getting the string solution without these 
4-brane sources by imposing the Z 2 x Z 2 symmetry in 
the bulk. 

Equations of motion in this EGB theory are, 

Gain + H MN = M A T MN . (2) 

The tensors in the above equation are 



Gmn = Rmn 
a 



H 



MN 



-^9mnR, 

7.9 MN (R 2 - AR 2 PQ + R PQ stR PQST ) 



where (rj^) — diag.(—l, +1, +1, +1), we obtain the ten- 
sor components Gmn and Hmn as follows, 
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where the prime and the dot denote the derivatives with 
respect to z\ and Zi , respectively. The energy momentum 
tensor Tun is given by 
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Then, the (56) component of the modified Einstein's 
equations is 
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A 2 
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Therefore, to assure that the above equation is satisfied, 
we require that the second factor vanishes, 



A' n AA' n 



i.e., the general solution of the metric is given by 

1 



A(zi, z 2 ) oc 



{F{ Zl )+G{z 2 )) 



(17) 



(18) 



where F and G are undetermined functions of z± and 
z 2 , respectively. Note that in case of the vanishing first 
factor in Eq. (|l6|), Eq. ( p7| ) is automatically satisfied. To 
determine the exact solution of the above type, we can 
rewrite the (00)( or (ii)), (55) and (66) components under 
the condition Eq. (fL7j), respectively: 



E + e x + e 2 + e 3 = M~ 



-A fc - —A zi 5(zi) 
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E + ei = M~ 



-^A Z2 5(z 2 ) - -pAi6(zi)6(z2) 



A b - —A Z2 8(z 2 ) 
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where 
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Thus, the bulk equation in all the above components, 
E = —Ab/M 4 , can be solved only if F(z\) — k\Z\ + c\ 
and G(z 2 ) = k 2 z 2 + c 2 (ci, c 2 are integration constants.), 
i.e. 



A(zi,z 2 ) 



(fciM +k 2 \z 2 \ + 1) 



(26) 



where the Z 2 symmetry is used along each extra dimen- 
sion and the integration constants are arbitrarily chosen 
for A to be 1 at (zi,z 2 ) — (0,0). ki,k 2 are determined 
by the following relations, 
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where the last three equations are derived from the 
boundary conditions on the branes in Eqs. (|l9|-pil|). The 
first and fourth equations determine k\ and k 2 in terms of 
a, A b , Ai, and it should be such that |Ai| < 48|a|fc|M 2 , 
where the equality implies the existence of exchange sym- 
metry between two extra dimensions, and sign(A±) = 
sign(a) to give real solutions for k\ and k 2 . Then, 
the second and third equations give rise to two fine- 
tuning conditions between input parameters. Note that 
the Gauss-Bonnet term requires an additional condition, 
Eq. (30), on the 3-brane other than those the Einstein- 
Hilbcrt action imposes on the 4-branes, Eqs. (^8|) and 
©■ 

However, if we chose a relation between bulk param- 
eters from the beginning, 
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such that k\ 
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for a > 0, non-solitonic 4-brane ten- 

and 



"± - 12a 

sions would not be allowed to exist, viz. Eqs. (|2 
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(p9|). Then, the 3-brane tension Ai can take any posi- 
tive values without being involved in any fine-tuning rela- 
tions. In this case, the remaining equations ( p7| ) and j30| ) 
just determine k\ and k 2 in terms of a and Ai. This par- 
ticular point in the solution space is made possible only 
with the addition of the Gauss-Bonnet term, but is not 
possible with the Einstein-Hilbert term alone|] In other 
words, on patching the bulk space in the Z 2 x Z 2 symmet- 
ric way as shown in the chosen metric, we naturally ob- 
tain a string solution via the cancellation between those 
derived from the Einstein-Hilbert term and the Gauss- 
Bonnet term in the equations of motion. However, from 
the point of view of the Einstein's gravity, singularities 
on orbifolding should be seen to stem from solitonic 4- 
brane tensions, just as in Iglesias and Kakushadze's [^6| . 
In our case, the solitonic 4-brane tensions located 
at Z\ = 0(^2 = 0) are determined to be positive as 



h = 8&1M 4 , h = &k 2 M 4 
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where (AA 1 ) 1 and (AA) terms in the first line vanish af- 
ter integration. For a negative Gauss-Bonnet coupling 
a, the 4D Planck mass would not be positive definite 
due to the contribution from the Gauss-Bonnet term. 
Therefore, the positivity condition gives \a\ < j^gr for 

a < and any value for a > 0. On the other hand, 
the 4D Gauss-Bonnet coupling is shown to become log- 
arithmically divergent after integration. This seems to 
be a generic feature of higher curvature terms, which is 
rephrased as the derealization of gravity in warped ge- 
ometry [[15) . Nonetheless, there does not arise a problem 
in our case since the Gauss-Bonnet term is a total deriva- 
tive in D = 4 and thus it does not modify the equation 
of motion for graviton in the 4D spacetime. Therefore, 
we can drop the 4D Gauss-Bonnet term in Eq. (|3^) to 
get the 4D effective Einstein gravity p5| . 



where fci and k 2 are given by solving Eqs. (B7J) and ( J30| ) 
under the condition Eq. (pi]). 

Then, after integrating the extra dimensions with the 
4D part of the metric as g^ v {x) = ?7 M „ in Eq. (j|), we 
obtain the 4D effective action as follows, 
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where the 4D Planck mass and the 4D Gauss-Bonnet 
coupling are given by 
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t In the extension of the RS model with one extra time- 
like dimension in D=6 [^|, it is shown that there exists a 3- 
brane solution as a common intersection of two 4-branes with 
no fine-tuning of the cosmological constant if the exchanging 
symmetry y <-> t' is assumed between the extra space and 
time coordinates. However, in the existence of the Gauss- 
Bonnet term, there arises a fine-tuning from the necessity of 
a 3-brane to match the boundary condition. 



III. METRIC PERTURBATION NEAR THE 
BACKGROUND GEOMETRY 



Now that we have obtained the background solution, 
it is of interest to examine the perturbation effects of 
gravity near the background solution. Since the effects 
inform us how the gravitational interaction between mat- 
ter is described at low energy scales under a background 
geometry, it is indispensable to study the perturbative 
expansion and compare it with the well-known gravita- 
tional interaction. The perturbation in higher dimen- 
sional space-time is usually interpreted as the graviton 
in the corresponding space-time dimension, and is, in 6 
dimension case, decomposed into a 4 dimensional gravi- 
ton, two kinds of vectors and three kinds of scalars. In 
this section, however, we assume that the vector and 
scalar modes are decoupled by some physics due to their 
absence at the low energy scale, and we focus on the 
gravitational interaction mediated by the 4 dimensional 
graviton. 

Thus, for the study, let us assume the metric as the 
following, 



ds 2 = A 2 (z 1 ,z 2 )ri lll/ + h liv (x,zi,z 2 ) 
+A 2 (zi,z 2 )(dz 2 + dz\) 



dx^dx" 



(36) 
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(x,zi,z 2 ) )dx tl dx v 
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where x denotes the 4 dimensional coordinate, and we 
would keep the linear parts in h^ v in the full expression 
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of the Einstein equation. Here, A(zi,z 2 ) is the back- 
ground solution given by Eq. (^6|) and hp U represents a 
small perturbation near it. With Eq. (|36|), the linearized 
variations for G^ v , H^ v and are given by 



SG^ = -- 



1 



1 



A 2 



20 



+ ^[k 1 S{z 1 ) + k 2 S(z 2 ) 



V . (38) 



6H„„ = — 



1 



±Ukl + kl)-^6( Zl )- 8 ^6(z 2 )y 4 



a 

M 2 

+ ^(6(fc? + fc 2 2 )-^^ 2 ))C 
6(fef + fc 2 2 ) 



A 2 

8Jfei /3fci 

8fc 2 /3fc 2 
A \ A 



96 A; 2 + k\ 



8h 

' ~A 

h. 

A 
ki 
A 



S(zi))dl 



8(z 2 )\sgn{zi)d Zl 
5(zi) )sgn(z 2 )d Z2 



+ljS(zi)(imkl + 152fc 2 
+-^8(z 2 )(l68kj + 152fc 2 



- L60^<y(*iW*2) 



A 2 



8T llu 



-A b h 
1 

'A 2 



1 

A' 



i,"i>r —A Zx 8{zi)h tJ , v - —A Z2 S(z 2 )h,j, v 



A 1 8(zi)8(zi)h llll , 



(39) 



(40) 



where III4 = rj^d^d^, and we choose the traceless trans- 
verse gauge conditions, d^h^ v — M = 0. 

The above expressions lead to the linearized Einstein 
equation, 
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where we use Eq. (27). The above equation for h^ u is 
more simplified in the conformal coordinate, 
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(42) 



where h^ v is defined in Eq. (|37j). 

The bulk contribution in the above equation comes 
only from the first term (^) . The second and third parts 
of (fill ) and ( f42|) describe the behavior of the graviton on 
the corresponding 4 brane, and the last part of ([|2]) just 
gives a boundary condition of h^ v at the origin(i.e. at the 
3-brane), which is consistent with Eq. (|30|). In general, 
the bulk equations, the first part of Eq. ( fil] ) (or (^)) 
cannot be solved easily, but the solution for the massless 
mode is trivial. If we assume d Zl hn U — d^h^ — and 
put the background relations Eq. (|2^) ( |30| ) into the above 
equation, we obtain 



njfi (x) = 



(43) 



Hence, the massless graviton has the following profile in 
the bulk, 



h%{x,Zi,z 2 ) = A 2 (z 1 ,z 2 )hl 1J (x) = A 2 (z 1 ,z 2 )e tiv e 
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where e is the polarization tensor of the 4 dimensional 
graviton. 

As the effective 4 dimensional theory would be de- 
scribed by the massless graviton dominantly, let us cal- 
culate the effective 4 dimensional Planck mass Mp e // 



G 



approximately. After integrating the extra dimensions 
with the 4D part of the metric as g^ v (x) = r/^ + /i M „ in 
Eq. (0), we obtain the 4D effective action as follows, 



S eff = 



M hff 



R 



(45) 



where R is the 4D Ricci scalar. The 4D Planck mass 
is calculated by reading off the coefficients of 'O4 in 
Eq. pi] ) or ([l2|) and integrating those with respect to 
Z\ and z 2l 



M 



P,eff 



= M 4 



dzi 

1 16a 

AM 



dz 2 A i 



M 2 ± 



TT72 I 



k 2 S(z 2 ] 



2M 4 

3klk 2 



1 



12afe| 

~H 2 ~ 



(46) 



which gives a finite value. Therefore, we can explain 
gravitational interactions consistently even in the non- 
compact 6 spacetime dimensions. Note that our effective 
4D Planck mass obtained above from the Einstein equa- 
tion is the same as the one obtained from the action itself 
by integrating out zi and z 2 , a s given in Eq. (|34|). 

In case of the absence of the 4-branes, i.e. k\ + k 2 = 



M 2 /(12a), the bulk kinetic term in Eq. 



© or (jH 



does 



not contribute to the linearized Einstein equation and 
thus the graviton is not allowed to propagate in the bulk. 
But by higher order terms in the expansion, a certain 
"gravity interaction" could exist in the bulk even though 
the mediating particle cannot be defined as the graviton. 

Now let us discuss the Kaluza-Klein(KK) modes of 
the graviton. We will get a bulk solution first using 
Eq. ( ffl] ) or (|4"2j), and then apply the boundary condi- 
tions with the delta functions in the above equations. 
Eq. ([id]) is easier to treat rather than Eq. ( f42| ) because 
the former does not have any first derivative terms in the 
bulk equation. It is possible to separate the variables, 
h^, v (x, Zi, z 2 ) = ip(z\, z 2 )e tp ' x e^ u , where x M and p M are 
4D coordinate and momentum, respectively. Then, the 
bulk part of Eq. (fill), which is a two dimensional differ- 
ential equation, is 



dl - dl 



6(k 2 + k 2 ) 



(fciM + fc 2 N + i) 2 

m 2 ip(z 1 ,z 2 ) , 



V> 0*1,22) 



(47) 



where p 2 = —m 2 . To separate the bulk variables, let us 
introduce a new coordinate (s, t), 



s = ki\zi\ + k 2 \z 2 \ + 1 
t = k 2 \zi\ - fell 2:2 1 + 1. 



(48) 



Then Eq. (f47f) becomes 



4>{s,t) = m 2 ^(s,t) , (49) 



where if)(s,t) = ip(zi, z 2 ). It is separable as 



-d 



2 1 6 
■3- 



m 2 (/) s (s) 



- d 2 ct> t (t) = mUt{t) , 
where (j> s (s), <fit(t), m 2 and m 2 are defined as 
i>(s,t) = <t> s (s)cf> t (t) 



2 1 2 
m s + m t 



(50) 
(51) 



(k( + k 2 ) 



(52) 



From Eq.© and (fl|), we can see that m 2 , m 2 and so 
m 2 should be positive definite, because they could be re- 
garded as a 'Hamiltonian' in quantum mechanics, and 
have positive and flat 'potentials', respectively. Hence, 
they have positive 'energies' or eigenvalues. Thus we con- 
clude that there do not exist any tachyonic KK modes. 



Eqs. (|5Q) and ( |51|) are easily solved and have the fol- 
lowing solutions, 

<t> s {s) = ci y/s J 5 / 2 (m s s) + c 2 y/s Y b / 2 (m s s) 

3 



Trm s 
3 

m 2 s 2 



ci 



(m s s) 2 



cos(m s s) I + C2 



1 I cos(m s s) 



1 I sin(m s s) 



sin(m s s) 



m s s 



(m s s) 2 

4>t{t) = di sin(m t i) + d 2 cos(mtt) , 



(53) 
(54) 



where J5/2 and Y5/2 are Bessel functions, ci, C2, d\ and 
d 2 are arbitrary constants but should be determined by 
the boundary conditions. Note that for large m s s, we 
have 



Ms) 



C\ sin(m s s) + C2 cos(m s s) 



(55) 



i.e. KK modes behave like free particles. 

On integrating Eq. ( f4l| ) near the extra dimension axes 
and the origin, the boundary conditions for the spin-2 
graviton modes are given as follows respectively, 

12afc2\ 
1-— 



M 2 



8afci ... . , rt , 

+ j^ji-e + A(k 2V - k^)) 



0, (56) 



21=0+ 
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£l 

C-2 



Y3/2 K) 

J3/2{m s ) ' 



(65) 



8a/c2 
MM 



(-77 - A(fe 2 r7 - feiO) 



22=0+ 



(57) and the boundary conditions on the extra dimension axes 
are simplified as 



8a: 



M 2 A 3 (M + feO l( 2 i=0+^ 2 =0+) 



= 



where we used the bulk equation (|47]) and 

f d 2\ 7 0$ 

r) = ip + 2k 2 Aip 

. ( d 2\ 7 ,8$ 



(58) 



(59) 



(60) 



" —2 , ^ \ Id 2 



&ak 2 m 2 



■s4> s L=0+ = 0, 



M 2 



r (4fc 2 + 36fc 2 2 ) 



iak 2 m 2 
M 2 



S(j> s 



d 
ds 



|z 2 =0+ 



(66) 



(67) 



The zero mode solution, ip Q — A 2 — s~ 2 , is shown to 
satisfy all of the above boundary conditions since £ = 
r\ = identically and it is regarded as the 4D massless 
graviton since it is a normalizable bound state as its norm 
being ||^o|| 2 < °o. For the KK massive modes, there are 
two types of bulk solutions since we have to deal with the 
zero mode separately: 



s 2 (di sm(mtt) + d>2 cos(nitt)) , 

Vs(ciJ 5/2 (m s s) + c 2 Y 5 / 2 (m s s)) 
■(di sm(m t t) + c?2 cos(mjt)) 



(61) 



(62) 



However, the above boundary conditions are not satisfied 
by the KK massive modes of a function of s only except 
for m 2 = 0, i.e., the zero mode. Moreover, the situation 

would not be different for the more general KK modes 

t (2) 

of type ipm ■ Therefore, even though the bulk equation 
for the 4D massive gravitons is exactly solvable, there 
would not exist bulk solutions satisfying the boundary 
conditions along the extra dimension axes with the sim- 
ple ansatz for separation of variables, Eq. (|48|). It is 
shown that this situation does not become different even 
without the Gauss-Bonnet term. 



IV. CONFINING GRAVITY TO THE SOLITONIC 
4-BRANES 



where 4> s and <pt are given by Eqs. ( |53] ) and ( 
tively and we note that m 2 = for the case of i/j. 



respec- 
(i) 



Then, tpm^ satisfies the boundary condition at the ori- 
gin automatically for k\ — k2 but otherwise only with 
(fa/di = cot(m t ). And the remaining boundary condi- 
tions are rewitten as 



1 



120*1 
M 2 



dt 



i>t 8akik2m 2 
M 2 



s4>t 



1 - 



12afc| 
M 2 



b t 8akik2m 2 



dt 



M 2 



-s<pt 



U=o+=0, (63) 



|* 2 =o+=0. (64) 



There exist no KK massive modes of type ipm satisfy- 
ing the above boundary conditions. On the other hand, 

7 (2) 

for the KK massive modes of the other type ipm , the 
boundary conditions look complicated to solve, but with 
assuming no t dependence, we can obtain the ratio be- 
tween coefficients of the Bessel functions as 



Let us discuss the case with the orthogonal 4-branes 
being regarded as solitonic by choosing the relation be- 
tween bulk parameters Eq. (|3l|), for which there is no six- 
dimensional bulk propagation of graviton but the gravity 
is confined to the solitonic 4-branes as shown in Eq. ( |4l| ) 
or (|42|). In this case, we can rewrite the linearized equa- 

as 



tion (||) with h^u = A- z l 2 i){ y z ll Z2)e lv ' x t 



-5( Zl ) 



iaki 



M 2 



15, 
T 



01 - ^k 2 A 2 + 3k2A5(z2) 



.^^LsgnizJASiz!)^ + 



-6{z 2 ) 



8ak2 



M 2 



1 5 

m 2 + d 2 Zl - -jk 2 A 2 + 3hA5( Zl ) 



2An/k 2 3 
—^ sg n(z2)AS(z2)(d Z2 + -k 2 A^ = 0. (68) 
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Then, the above equation is decomposed into two five- 
dimensional bulk equations of graviton and three bound- 
ary conditions: 



15 

d 2 Zi + ~~k\A 2 ) -0 = m i ip, (along z t axis) 
15 

d 2 + -rklA 2 I -0 = m' z ip, (along z 2 axis) 



d Zl + ~k 1 A)ip\ Zl = + = 0, 



d Z2 + -k 2 A ) V>U=o+ = 0, 



d Zl + h,A\ $ + (d Z2 + ^k 2 A j i 



|(Z1=Z 2 =0+) 



(69) 
(70) 

(71) 
(72) 

= 
(73) 



where we note that the last equation is a necessary conse- 
quence in case that the third and fourth ones are satisfied 
and vice versa for our case as will be shown later. From 
Eqs. ( |69|) and (|70|), the zero mode solution for m 2 = 
becomes the same as in the non-solitonic case, 



O = (fciN + feM + ir 3/2 



(74) 



which automatically satisfies the boundary conditions, 
Eqs. ( f7l}|73| ) . Note that the zero mode wave -ipo is chosen 
to be nonvanishing only along the solitonic 4-branes. 

On the other hand, solving Eqs. ( |69|) and (|7(i|), the KK 
mode solutions are given as linear combinations of Bessel 
functions of order two as in the RS case, propagating 
along solitonic 4-branes located at the z\ and z 2 axes: 



^ m = N£\\ Zl \ + l/fci^p^mflzil + 1/fci)) 
+B m J2(m(\zi\ + 1/fci))], (along Zl axis) 



4>r 



7Vi 2 )(|z 2 | + l/fc 2 ) 1/2 [^M|z 2 | + l/A: 2 )) 
+C m J 2 (m(\z 2 \ + l/fc 2 ))], (along z 2 axis) 



(75) 



(76) 



(12) 

where Nm ' , B m and C m are constants to be determined 
by boundary conditions and normalization. Then, for the 
KK modes with small masses, i.e., m(|zi ;2 | + l/fci :2 ) <C 1, 
the constants B rn and C m are determined approximately 
from the boundary conditions, Eqs. ( |7l| ) and (f72|), as the 
following, 



Cf7 



4fc 2 2 



(77) 



Furthermore, from the plane wave normalization such 
that 



1=1 dzilV'n 
/O 



dz 2 \ip. 



m I i 



(78) 



(1 2) 

we also obtain the normalization constant Nm ' 



-1/2 



3/2 



(79) 



Therefore, the Newtonian potential for two point sources 
mi, m 2 separated by r on the 3-brane is found in a con- 
ventional way to be 



V(r) 



G^m\ra 2 



{ISa^M 2 )- 1 / dm 
Jo 

poo 

(WahM 2 )- 1 / dm 
Jq 



m\m 2 e 



m\m 2 e 



-h/Uo)| 2 
-|^ m (o)| 2 



Giqmim 2 



4 v i 



k\k 2 ) (k±r) 



(80) 



where we used G N = M p 2 = (3fciA: 2 )/(4M 4 ) from 
Eq. (|J), IV'm(O)! 2 - m/(ki + k 2 ) and the effective 5D 
gravity couplings for KK modes are read off from coef- 
ficients of the 5D kinetic terms in Eq. (p8[). As a re- 
sult, corrections due to the KK massive modes are five- 
dimensional due to the confinement of gravity to the 
solitonic 4-branes and suppressed in comparison with 
the Newton force at larger length scales than the cur- 
vature scales. Consequently, the confinement of gravity 
exactly gives rise to two copies of the five-dimensional 
RSII model. In addition, since gravity does not prop- 
agate into the bulk, one fine-tuning condition between 
bulk parameters, Eq.(|3l]), remains intact at the quantum 
level of linearized gravity. 



THE MASS HIERARCHY WITH THE 
ORBIFOLD T 2 /(Z 2 x Z 2 ) 



We have just shown that there exists two orthogonal 
4-brane solution with the nonzero tension of the inter- 
section (or 3-brane) in 6D with the Gauss-Bonnet term. 
Therefore, it is possible to put another 3-brane in the 
appropriate position of the bulk as the additional inter- 
section of 4-branes to solve the hierarchy problem as in 
the RS I case. But, it should be guaranteed that the 
additional brane should be located at the fixed point of 
the orbifold to be stable, i.e., the bulk should end at the 
position of the additional brane. Thus, we assume that 
there exist the compact extra dimensions with the orb- 
ifold T 2 /(Z 2 xZ 2 ), where Z 2 acts on each extra dimension 
once. And let us set the range of the extra coordinates 
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as z\ e (—a, a) and z 2 € (—6,6). Here we assumed the 
periodicity of 2a(26) along 21(22) direction. Then, with 
the Z 2 x Z2 symmetric solution Eq. (^6|), we need four 
3-branes to match the boundary conditions at the four 
fixed points of the torus, (zi,z 2 ) = (0,0), (a,0), (a, 6) 
and (0, 6). Let us denote the 3-brane tensions as Ai, A 2 , 
A3 and A4 in order. And the neighboring two 3-branes 
are connected to each other by one 4-brane denoted as 
A12, A23, A34 and A41 in cyclic order. If the boundary 
equations in Eqs. (flS|)-([2l|) are changed into the follow- 



ing, 



ei = -M- 4 -(A 4 k5(z 1 ) + A 23 6( Zl - a)), (81) 



e 2 = -M- 4 j(A 12 S(z 2 ) + A M 6(z 2 - 6)), (82) 



the bulk. But, we do not digress into this family problem 
here. 

Before considering how the mass hierarchy is gener- 
ated in this model, let us rewrite the metric as 



(87) 



dsl = A 2 (z 1 ,z 2 ){ri l _ iv dx^dx u + dz\ + dz 2 ) 
= A 2 {yi,y 2 )Tq llv dx^dx u + B 2 {yi,y 2 )dy\ 
+ C 2 ( yi ,y 2 )dy 2 

by the following bulk coordinate transformations: 

dzi = j^dyx, dz 2 = ~^dy 2 , 



i.e. fcizi = sign(yi){e klM - 1), k 2 z 2 = sign(y 2 )(e k ^ v ^ - 
1). Then, we can have the metric functions in the new 
coordinate: A = (e k ^Vi\ + e k 2 \y 2 \ _ B = e *il»il>l 

and C = e k ^A. So, the 4D Planck mass becomes 



e 3 = -M- 4 ^A^(zx - z[ l) )S(z 2 - (83) 



where z± , 2^ are positions of the branes, then we obtain 
the following relations between the 4-brane tensions and 
similarly for the 3-brane tensions, 



A41 = -A 23 = fci 1 - 



Ai 



-A34 = k 2 1 - 



I2ak 2 
M 2 



Ylak\ 
M 2 



Ai = A 3 = -A 2 = -A4 = 96a/fcifc 2 M 2 . 



(84) 



(85) 



(86) 



In general, in view of Eqs. (|27|-pO[), for fixed bulk pa- 
rameters, two orthogonal 4-brane tensions should be fine- 
tuned with the 3-brane tension on their intersection (e.g., 
between A4 1 (A 12 ) and Ai and etc.). When we adopt the 
string solution with two solitonic 4-branes, each 3-brane 
tension can take an arbitrary value of either sign irrespec- 
tive of the bulk parameters as argued in the previous sec- 
tion, but it should be fine-tuned to one another as shown 
in Eq. (|86|). Then, to explain the large mass hierarchy 
for both the string solution with non-solitonic 4-branes 
for a > and the string solution with solitonic 4-branes, 
we may take the A3 brane with positive tension as the 
visible brane, whereas the Ai brane can be considered as 
the hidden brane of the Planck scale. In addition, if A 2 
brane and A 4 branes are considered as the second and 
the third generation family branes while the A 3 brane is 
interpreted as the first family brane, we may understand 
the mass hierarchy between families and neutrino oscilla- 
tion. In this case, the gauge fields are required to live in 



M 2 P>eff = M 4 



dz\ / dz 2 

-a J-b 

2 ' ' 12a 



A 4 1 1 



12q 1 UA' 
M 2 A 2 \ \ A 



= Ai^l 
2M 4 



M 2 
12ak 2 ± 



(A A')' + {AA) 



3kik 2 

-2fcib 



M 2 

\2ak\ 
I — 

M 2 

-2k 2 b 2 



dyi / dy 2 A 2 BC 

1 J -b 2 

1 + {e klbl + e k2b2 - I)- 2 
(89) 



where (AA')' and (A A) terms in the first line vanish 
after integration due to the periodicity of the extra di- 
mensions and b\ , b 2 are the range of the extra dimensions 
in the new coordinate and in the limit of b\ — > 00 and 
b 2 — > 00, Eq. (|34| ) can be reproduced. Note that the 4D 
Planck mass has a finite value if k\k 2 ^ 0, i.e., Aj 7^ 
for all i from Eqs. (poj) and (83) and its positiveness is 
assured for \a\ < y|p- for a < and any value for a > 0. 

In this new coordinate, let us consider the action for the 
Higgs scalar field at the A3 brane, 



S ms D/dx 4 v^(^) 



g^dpHdvH - (H 2 - m\ 



A~ 2 (dH) 2 - (H 2 -m 2 ) 2 



(90) 



which becomes of a canonical form by redefining the 
scalar field as H = AH, 



dx 4 y^g~W 



(OH) 2 - (H 2 



,2\2 



(91) 



where the Higgs mass parameter on the visible brane is 
given by 
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77i3 = Amo 



„kibi 



(92) 



Similarly, we obtain the effective mass scales on the other 
branes, A2 and A4, respectively: 



to 2 



e _fclfcl m , m 4 = e~ k ^m . 



(93) 



Therefore, when we regard the A3 brane as our uni- 
verse, we can obtain the hierarchy between the Planck 
scale(mo) and the weak scale(m3) by choosing k\b\ 
and/or /C2&2 as about 37. It is interesting to see that 
the mass parameters on the branes are related by 



1 

m 2 



1 

rriA 



1 

m 3 



1 

TO 



(94) 



consider a solution of a 3-brane residing on the inter- 
section of two solitonic 4-branes for the localization of 
gravity and also for a possible solution of the cosmolog- 
ical constant problem as in the RSII model |18|. With 
this solution, it is interesting to make the confinement of 
gravity to the solitonic 4-branes possible, which results 
in nothing but two copies of the 5D RSII model. In ad- 
dition, the extra dimension can be compactified. The 
T 2 /(Z2 x Z2) orbifold symmetry gives four fixed points 
where 3-branes resides on intersections of two 4-branes. 
In this case, the electroweak scale versus the Planck scale 
hierarchy can be understood. We also pointed out the 
possibility of understanding the family structure, which 
will be studied in a future publication. 



where mo is the mass scale of order the Planck mass at 
the 3-brane located at (0, 0). Since the RHS of Eq. @ is 
negligible, the magnitudes of at least two of m2,TO3 and 
mi are of the same order, which may allow to a deeper 
understanding of the family structure. Instead of putting 
different families in the different 3-branes, one can put all 
the fermions and the Higgs doublet in the (a, b) brane or 
in the (a, b) and (0,6) branes with d » a. Then the 
(a, 0) brane can be used for an intermediate scale brane. 
However, it is not necessarily needed as proposed in 
toward a solution of the fi problem with supersymmetry 
p5| , because the visible sector fields here are already put 
at the TeV brane. On the other hand, if the visible sector 
fields with supersymmetric extension are put at the two 
Planck scale branes at (0, 0) and (a, 0) with 6>a, then 
it is needed to introduce intermediate scale brane(s) at 
(0, b) and (a, b) p3. In this case, there can be two inter- 
mediate scales in principle due to the two three branes 
at the intermediate scales. 



VI. CONCLUSION 



In this paper we obtained the localized gravity on the 
intersection of two orthogonal non-solitonic or solitonic 
4-branes in the Einstein-Gauss-Bonnet theory in 6D. The 
nonzero 3-brane tension is allowed, which has been pos- 
sible due to the presence of the Gauss-Bonnet term. The 
Gauss-Bonnet term can contain a product of two terms 
with two derivatives of the metric on each term. There- 
fore, in the EGB theory 3-brane solutions are not pos- 
sible beyond 6D. To have 3-brane solutions beyond 6D, 
we have to introduce higher derivative gravity than the 
Gauss-Bonnet term. 

The solution has a warp factor which decreases expo- 
nentially at large distance from the origin in the extra 
dimension. If the Z2 x Z2 symmetry is assumed on the 
bulk space even without non-solitonic 4-branes, one can 
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